Introduction
Vasomotion is the process of oscillation in vascular tone, generated from within the vessel wall.
Although it has been seen in many studies over many years, the physiological consequences of vasomotion remain very unclear, Nilsson and Aalkjaer, 2003 . One potential benefit is that the time-averaged hydraulic resistance to flow is lower than the steady state resistance, due to the non-linear relationship between vessel radius and resistance, Meyer et al., 2002 . Another hypothesis is that it improves tissue oxygenation, Tsai and Intaglietta, 1993 , although this is controversial, Goldman and Popel, 2001 . Experimental studies have shown that as perfusion levels are reduced, vasomotion is induced in most muscle preparations, Rücker et al., 2000 . There is thus the possibility that vasomotion is induced under conditions of reduced perfusion as a protective mechanism against ischemia.
The equations governing mass transport to tissue, outlined below, are strongly non-linear (as is the equation relating flow to vessel diameter). A temporal oscillation of the vessel diameter about its steady-state value will cause the time-averaged behaviour to differ from the steadystate behaviour, possibly quite significantly at high oscillation amplitudes. However, solutions to these equations thus have to be considered carefully to ensure that the oscillating concentration profile in the tissue is characterised accurately. We present below a novel technique to solve for this concentration profile in the full non-linear case for a periodically oscillating wall diameter.
This enables us to calculate the unsteady mass transport and hence to quantify the effects of vasomotion on the time-averaged mass transfer from individual vessels. We then conclude by A c c e p t e d m a n u s c r i p t 3 discussing the potential implications of this for our understanding of the physiological role of vasomotion.
Theory

Concentration equation
We start from the general mass transport equation for the concentration of gas in the tissue surrounding a blood vessel:
where C is the concentration of gas dissolved in the tissue, U is the velocity field of the tissue, D is the diffusion coefficient of gas in the tissue and R is the rate of reaction (assumed negative here since the gas in question here, oxygen, is metabolised and hence essentially continuously removed from the tissue). For an axisymmetric vessel in cylindrical co-ordinates, assuming a rate of reaction linearly proportional to the concentration of gas in the tissue, this becomes:
where r is the radial coordinate measured from the centre of the vessel, R is the radius of the vessel (explicitly given as a function of time) and k is the metabolic rate constant. The assumptions made here will be discussed in full detail below in the context of the results. Note that the second term in equation 2, which introduces the non-linearity into the model, is derived from continuity considerations for the tissue surrounding the vessel.
Equation 2 is then re-cast in non-dimensional form, with respect to a length scale R 0 , a timescale T and the angular frequency of oscillation ω:
A c c e p t e d m a n u s c r i p t 4 to give:
where Pe = R 0 2 /DT is the Péclet number and , without loss of generality.
Using a similar approach to that of Fyrillas and Szeri, 1994, equation where is the (possibly temporally varying) concentration of gas in the liquid at the wall. This is of course governed by the flow and transport conditions inside the vessel, but for now is specified independently. The second boundary condition assumes an infinitely far off boundary, which assumes that the vessel being modelled is independent of all other vessels. The likely impact of this on the solution will be discussed later. Note that the consumption rate constant is assumed to be invariant with space, without an explicit separate treatment of the vessel wall: this is based on the findings of Sharan et al., 2008 , where the metabolic rate of oxygen was shown to be the same in the vessel wall as for the surrounding tissue.
A periodically oscillating boundary displacement is imposed:
A c c e p t e d m a n u s c r i p t 5 where are arbitrary complex conjugates, the magnitude of which are proportional to the amplitude of oscillations. Given the periodic nature of the wall movement, once any initial transients have died away, the gas concentration at each point in space will also be periodic in nature. This allows a separation of variables to be made for the concentration profile:
where and are complex conjugates. Note that a full Fourier series is used here to arbitrary order of n, as is required due to the non-linear nature of the governing equations. Such a series could also be used for the wall displacement if required, although only the lowest harmonics are likely to be significant in either expansion.
Substituting the above in equation (5) gives:
The terms in equation (9) A c c e p t e d m a n u s c r i p t
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To simplify the solution, we re-write the coefficients in real and imaginary parts, such that where a and b govern the magnitude and phase of the imposed boundary oscillation. Equations (10), (11) and (12) then reduce to:
The complexity of these three coupled equations prevents an analytical solution from being derived. The presence of an infinitely far away boundary then also makes imposing suitable boundary conditions numerically difficult. To overcome this problem by converting the problem into a bounded co-ordinate system, equations (13), (14) and (15) are re-written using the coordinate transformation :
Note that the problem now reduces to 3 simple 2 nd order differential equations that can easily be solved numerically within the range (s = 0 corresponding to the tissue infinitely far Note that in the steady state, equation (16) reduces to:
which can again easily be solved with the same boundary conditions, enabling a direct comparison to be made with the oscillating solution.
Mass transport equation
Before examining the solutions to the concentration equations, we examine the mass transport equation, since the aim is to compare the rate of mass transfer from vessel to tissue under oscillating and non-oscillating conditions. The rate of diffusive mass transport of gas across the wall is given by:
where is the diffusion coefficient of gas through the wall. In Lagrangian coordinates:
Substitution of equations (7) and (8) and transformation into the bounded coordinate system yields:
for the time averaged mass transport. Note that the oscillating mass transport component is ignored here since it makes no contribution to the net mass transport from blood to tissue.
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In the steady state the rate of mass transport is given by:
where this is calculated directly from the solution to equation (19) . Note that the expression for is not the same as the expression for in equation (22). This is due to the nonlinearities in the system affecting the time-averaged mass transport as described previously. The ratio of time-averaged mass transport to steady state mass transport is then:
which we term the Mass Transport Ratio. It is this ratio that is of primary interest here.
Results
Two sets of solutions are considered here. In the first set, the wall is oscillated but the wall concentration is kept constant. The boundary conditions thus become:
In the second, both the wall and the wall concentration are oscillated. The boundary conditions then become:
A c c e p t e d m a n u s c r i p t 9 and are set by the magnitude and phase of the wall concentration oscillations, relative to the wall displacement. For all the simulations presented below, the governing equations were solved with the specified boundary conditions using the Matlab solver, bvp4c. From the complete solution for the concentration profile, the wall concentration gradients in equation (24) were then estimated numerically.
Since the absolute phase of the solutions is arbitrary, we set b=0 without loss of generality.
Equation (7) then simplifies to . The wall displacement oscillations are thus defined to be the reference phase, relative to which are measured the concentration oscillations.
Note that the results are only dependent on the values of two non-dimensional parameters (Péclet number and non-dimensional rate constant) and the amplitude of the wall displacement (2a) and amplitude and phase of the wall concentration ( and ) oscillations.
To illustrate the model predictions, the results for , and are shown against the coordinate s for the condition where K = 1, a = 0.2 and Pe = 0.1 in Figure 1 . Despite the fact that the oscillating components are constrained to be zero at both ends of the co-ordinate system and to have zero gradient at the outer boundary (s = 0), there is a non-zero gradient at the inner boundary (s = 1), which is what alters the time-averaged mass transport from that in the steady state (equation 24). Note that the gradient for is negative, which is why the time-averaged mass transport is lower than in the steady state.
Wall displacement oscillation only
We first consider the effects of oscillating only the wall displacement. Figure 2 shows the effect of vasomotion on the Mass Transport Ratio at different values of the Péclet number for a fixed value of K = 1 and a range of wall amplitudes, a < 0.5. For all solutions, as the wall amplitude tends towards zero, the mass transfer ratio tends towards 1, as expected, since the governing equations A c c e p t e d m a n u s c r i p t 10 become linear in the limit. As a increases, however, this ratio decreases monotonically: at low amplitudes of oscillation, the effect of Péclet number is small, but at amplitudes greater than approximately a > 0.25, decreases in Péclet number result in a reduction in mass transfer ratio.
For an increased value of K = 10, the results are very similar, Figure 3 . The mass transfer ratio is slightly higher than for K = 1, but the difference is only slight. For a decreased value of K, as shown in Figure 4 , the results are likewise rather insensitive to the precise value of K apart from at high values of Péclet number, where there is a slight increase in the time-averaged mass transport.
The mass transport ratio, however, is uniformly less than 1 for all the values considered here, indicating that the oscillation in wall displacement causes a reduction in mass transfer over all ranges of parameter values investigated.
Wall displacement and wall concentration oscillations
We next consider the case where the wall concentration also oscillates. Four cases are shown in The interaction between wall displacement and wall concentration oscillations is clearly substantially more complicated than for wall displacement oscillations alone. Under most conditions, the mass transport reduces, but there are some cases when this mass transport increases, potentially very significantly.
When the wall displacement and wall concentration oscillations are in phase, at Péclet numbers greater than about 1, the mass transport is found to increase over all values of a. However, for
Péclet numbers smaller than this, the ratio is less than 1, indicating a drop in mass transport. 
Discussion
The results presented above show that the time-averaged mass transport is very significantly different from the steady-state mass transport under a wide range of conditions. We now consider the typical values of the non-dimensional parameters found in the vasculature before examining the accuracy and potential physiological implications of the results obtained here.
The diffusion coefficient of oxygen in tissue, D, has been measured at 37 °C to be 2.4x10 -9 m 2 /s (Bentley et al., 1993) Table 1 Parameter values and non-dimensional quantities taken from Colantuoni et al., 1984 Geometrically it has been assumed that the vessel is axisymmetric in an infinite tissue. The assumption of an infinite volume of tissue surrounding each vessel is clearly inaccurate and is included here to reduce the number of parameters involved in the model. A Krogh style cylinder is often used in similar models, but the results can be sensitive to the particular choice of outer radius, which makes interpretation of the results difficult. However, the primary reason for choosing an infinite volume is the fact that the governing equation used here is linear in concentration. The actual tissue concentration can then be considered simply as the summation of the solutions for all individual vessels, each of which is surrounded by an infinite volume of tissue. Although this will have some inherent inaccuracies, as long as the vessels are reasonably well-spaced, it is likely that the mass transport from individual vessels will be well captured.
The other major assumption made here is that there are no axial variations in the concentration or displacement profiles, this being done since it reduces the computational requirement very substantially. We can however, estimate their effects by considering the effects of axial waves along the vessel (the possible cause of such waves will be considered later). The governing equation (2) becomes: where z is the axial coordinate. In non-dimensional form, this becomes: where the non-dimensional wavelength of the axial waves is , this depending on the imposed form of the solution. The equivalent form of equation (9) is then:
The only effect of imposing an axial wave-like behaviour is thus to increase the effective value of the non-dimensional metabolic rate constant from K to . The general solution to equation 30 is otherwise unaffected. The effect of axial variations will thus depend upon both the absolute change in the effective value of K and the sensitivity of the solution to these changes. If it is assumed that the non-dimensional wavelength is of order 1 (i.e. the wavelength is the same order of magnitude as the vessel length) and that the vessel radius to length ratio is of order 0.1 (since most vessels are significantly longer than their radius), the increase in effective K is of order 0.01/Pe. This will be greatest when the Péclet number is smallest, which occurs in the smallest vessels, where it is approximately 0.02, yielding an increase in effective K of less than 1. Since baseline K is around 3 and the results shown previously indicate that above a value of approximately 1, the precise value of K has little impact on the results, axial variations are likely to have only a second order impact on the mass transport.
Clearly, however, the model presented here has significant limitations in the assumption of a linear model for concentration and metabolism. This was done here simply to gain an insight into the previously unconsidered process of the dynamic interaction between wall displacement and A c c e p t e d m a n u s c r i p t 15 tissue concentration field by taking the form of the equation that provides a physiologically realistic concentration profile in the simplest mathematical form. It will be necessary in future to consider a more detailed model for oxygen tension and myoglobin saturation (as done in Goldman and Popel, 2001 , for example) and to attempt to validate the static concentration field against experimental data, although this remains challenging, as previously discussed.
Although the values of model parameters can be estimated reasonably accurately from the experimental literature, direct validation of the results presented here is extremely difficult.
Measurement of the dynamic oxygen concentration profile surrounding a vessel to the required order of accuracy is experimentally very challenging and no suitable data exist to the best of our knowledge. Measurement of the changes in time-averaged mass transport would appear only to be experimentally feasible by quantifying the changes in oxygen saturation of the blood exiting a vasomotive vessel or network to test whether this is higher under vasomotive conditions than under normal conditions. However, since vasomotion is normally induced by a reduction in perfusion, which will also directly lead to a substantive change in the oxygen saturation of the exiting blood, it is debatable whether such a reduction is capable of being measured accurately enough to provide a direct validation of the results presented in this paper.
There has been some debate in the literature about the role of vasomotion in promoting the supply of oxygen to tissue, particularly under conditions of reduced perfusion, when the supply would otherwise be expected to be reduced with severe consequences. The role of vasomotion as a protective mechanism was first proposed by Tsai and Intaglietta, 1993 , where it was suggested that long-range oxygen diffusion was increased under such conditions, thus providing a protective mechanism for vulnerable tissue. This was re-examined by Goldman and Popel, 2001 , where it was concluded that this was only the case at low myoglobin levels. Rucker et al., 2000, found experimentally that vasomotion promoted the supply of blood to adjacent tissues, which implies m a n u s c r i p t 16 that there are additional processes occurring during the conditions that induce vasomotion, which may not be directly related to the vasomotive process.
The vascular network is highly complex with vessels over a wide range of length scales and active autoregulatory processes affecting vessel diameters across the network (particularly in the arteriolar bed) when perfusion levels drop. Disentangling all of the different effects that occur under conditions of reduced perfusion is thus a substantial task, especially when attempting to interpret experimental data. This complexity is undoubtedly one of the key reasons why "the conclusions borne from theoretical studies have received little direct support from experiments", Nilsson and Aalkjaer, 2003 . The model that we present here thus attempts to shed additional insight onto this process by considering a previously neglected component, i.e. the non-linear interaction between the vessel wall movement and the dynamic concentration field in the surrounding tissue. We have neglected many other components of the problem, which will need to be examined in detail, together with the dynamic interaction considered here, to gain a full insight into the potentially key role of vasomotion in tissue protection. In particular, the nonlinear dynamics of oxygen within tissue are likely to play a key role.
However, the results presented here do provide some interesting possibilities. For the typical values of Péclet number and non-dimensional rate constant calculated here, mass transport is reduced under nearly all conditions (except when the wall concentration oscillations are at a certain phase relative to the wall displacement oscillations, and even then the increase is very small). This reduction in the time-averaged mass transport between the oscillating and nonoscillating conditions appears rather surprising, given the discussion in the literature about vasomotion being a potential protective mechanism under conditions of ischemia. However, this process has to be considered within a complete network of vessels.
A c c e p t e d m a n u s c r i p t
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The behaviour of such a network in the context of vasomotion has previously been considered by, amongst others, Goldman et al., 2001, and Tsoukias et al., 2007 . The former found that at physiological levels of tissue myoglobin vasomotion did not improve tissue oxygenation (but did so under other conditions). However, neither model considered the physical movement of the vessel walls as playing an important part in the tissue oxygenation process: only the flow field was oscillated and only the capillary bed was considered. This is similar to the work of Schneiderman et al., 1982 , which examined the effects of oscillations in flow only. We have extended this work by considering the larger arteriolar vessels where vasomotion occurs, but have only considered a single vessel: more analysis will be required to investigate these vessels in a similar manner to these previous studies.
Oxygen delivery to tissue is found at both the arteriolar and capillary level, as shown by experimental data recorded by Vovenko, 1999 , where the partial pressure of oxygen at inlet to the capillary bed was only of order 60 mmHg. The transport of oxygen to tissue thus occurs over a range of length scales, making interpreting the net effect of vasomotion highly complicated.
Vasomotive activity in the arteriolar bed appears to lead to a reduction in oxygen delivery to tissue: however, this ensures a greater oxygen concentration at entrance to the capillary bed. This would appear likely to promote oxygen transport within the capillary bed and thus could help to explain why vasomotion acts as a protective mechanism at the capillary level, rather than at the arteriolar level. It would then be seen as a means of retention of more oxygen for supply to the capillary bed.
If oscillations are present in the arteriolar vessel walls, this will also have the effect of perturbing the capillary flow field, both in terms of flow and concentration. It is not clear whether these oscillations will remain in significant amplitude at the capillary bed, since the arterial network acts as a low-pass filter to reduce the amplitude of flow oscillations (although significant oscillations in A c c e p t e d m a n u s c r i p t 18 red blood cell velocity have been observed experimentally in capillaries, Ellis et al., 2002) , and, if they do, whether they would be sufficiently large to promote oxygen delivery in individual vessels in addition to the fact that the time-averaged oxygenation would also be higher. Much future work will be required to investigate the effects of this phenomenon across the vasculature.
In particular, the relationship between perturbations in the wall displacement and wall concentration will need to be determined. This could be done by solving the equations of motion and mass transport within the vessel and coupling them to the equations for wall displacement.
Although this is relatively complicated, it would determine more definitely the nature of this coupling, which has been taken to be unknown here, and thus aid in interpreting the underlying physiological basis of vasomotion.
Conclusions
In this paper we have presented a technique for solving the non-linear mass transport equation 
